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MEAN CURVATURE FLOW OF ARBITRARY CODIMENSION IN 
SPHERES AND SHARP DIFFERENTIABLE SPHERE THEOREM 

LI LEI AND HONGWEI XU 


Abstract. In this paper, we investigate Liu-Xu-Ye-Zhao’s conjecture ED and 
prove a sharp convergence theorem for the mean curvature flow of arbitrary 
codimension in spheres which improves the convergence theorem of Baker [3j 
as well as the differentiable sphere theorems of Gu-Xu-Zhao 1171 5T1 [53l ■ 


1. Introduction 


It plays an important role in differential geometry to study pinching theory 
in global differential geometry and geometric analysis. Motivated by geometrical 
and topological pinching results on submanifolds, we will investigate the conver¬ 
gence theorem for the mean curvature flow and the differentiable sphere theorem 
for submanifolds under a sharp pinching condition. Let F" +9 (c) be an (n + q)- 
dimensional simply connected space form of constant curvature c, and M n an 
n(> 2)-dimensional submanifold in F n+9 (c). Denote by H and h the mean cur¬ 
vature vector and the second fundamental form of M, respectively. Assume that 
\H\ 2 + 4(n — l)c > 0. We define 

(1.1) a(n,\H\,c) =nc+ ^ \H\ 2 - ^ \/|g| 4 + 4(n - l)c|ff ) 2 , 

and or (n, \H\) = a(n, \H\, 1). 

Since 1973, Okunrura I3S1EZI, Yau [541 and many other authors tried to generalize 
the famous Simons-Lawson-Chern-do Carmo-Kobayaslri rigidity theorem [21 [24l 
146) to the case where M is a closed submanifold with parallel mean curvature in a 
sphere, and got partial results. In [49] . Xu proved the generalized Simons-Lawson- 
Chern-do Carmo-Kobayashi theorem for closed submanifolds with parallel mean 
curvature in a sphere. The following refined version of the generalized Simons- 
Lawson-Chern-do Carmo-Kobayashi theorem was obtained by Li-Li [28] for H = 0 
and by Xu [50] for H ^ 0. 


Theorem A. Let M be an n-dimensional oriented compact submanifold with par¬ 
allel mean curvature in the unit sphere §" +<? . If \h\ 2 < C(n,q,\H\), then M is 
either congruent to a round sphere, a Clifford hypersurface in an (n + 1) -sphere, or 
the Veronese surface in a A-sphere. Here C{n,q , \H\) is defined by 


C{n,q , \H\) 


ai(n,\H\), q = 1, or q = 2 and \H\ ^ 0, 

min{ou(n, \H\), + ^|R| 2 } , otherwise. 
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In '25], Lawson and Simons proved that if M n (n > 5) is an oriented com¬ 
pact submanifold in § n+? satisfying \h\ 2 < 2ffn — 1, then M is homeomorphic to 
§ n . More generally, Shiohama and Xu [44] proved the optimal topological sphere 
theorem. 

Theorem B. Let M n (n > 4) be an oriented complete submanifold in F" +9 (c) 
with c > 0. If sup M (\h\ 2 — a(n, |IL|,c)) < 0, then M is homeomorphic to 8 n . 

In |53] , the second author and Zhao initiated the study of differentiable pinching 
problem on submanifolds of arbitrary codimension. Making use of the convergence 
results of Hamilton and Brendle for Ricci flow and the Lawson-Simons formula for 
the nonexistence of stable currents, Xu and Zhao [53] proved the following. 

Theorem C. Let M be an n-dimensional (n > 4) oriented complete submanifold 
in the unit sphere 8> n+q . Then 

( i ) if n = 4,5,6 and sup M (|/i| 2 — a\(n, \H\)) < 0, then M is diffeomorphic to S n ; 

( ii) if n > 7 and \h\ 2 < 2\/2, then M is diffeomorphic to E> n . 

In pT] 51] , Gu and Xu proved a differentiable sphere theorem for submanifolds 
in a Riemannian manifold via the Ricci flow. Consequently, they got the following. 

Theorem D. Let M be an n-dimensional oriented compact submanifold in the 
( n + q)-dimensional space form F n+<z (c) with c > 0 and \H\ 2 + n 2 c > 0. Then 

(i) if n = 2 and \h\ 2 <2c+ \H\ 2 , then M is diffeomorphic to § 2 , or M is flat; 

(ii) if n = 3 and \h\ 2 < 2c + then M is diffeomorphic to § 3 ; 

(Hi) if n> 4 and \h\ 2 < 2c+ then M is diffeomorphic to S n . 

Remark 1. When n > 4, c = 0 and |R| > 0, Andrews-Baker [2] independently 
proved the same differentiable sphere theorem via the mean curvature flow of sub¬ 
manifolds of high codimension. Afterwards, Baker [3] gave another proof of the 
differentiable sphere theorem for n > 4 and c > 0. Later, Liu-Xu-Ye-Zhao [32] 
extended the differentiable sphere theorem above to the case where n > 4, c < 0 and 
\H\ 2 + n 2 c > 0. 

We refer the readers to mmmm for further discussions on rigidity theorems 
of submanifolds with parallel mean curvature, to [13 [321 ED 133 El S3 IS] for more 
discussions on sphere theorems of submanifolds and to gi 0 0 0 0 0 nu Ha on 
[Ml HU EU [351 [3S1 [39100103] for various sphere theorems of Riemannian manifolds. 

Let Fo : M n —> F” +9 (c) be an n-dimensional submanifold immersed in the space 
form F n+9 (c). The mean curvature flow with initial value Fq is a smooth family of 
immersions F : M x [0,T) — y F” +9 (c) satisfying 



( 1 . 2 ) 


where F[(x,t) is the mean curvature vector of M t = F t (M), F t = F(-,t). 

In 1980’s, Huisken, the founder of the mean curvature flow theory, initiated 
the study of the mean curvature flow for compact hypersurfaces [20] [22] [23] . In 
1987, Huisken [23] verified the convergence theorem for the mean curvature flow of 
compact hypersurfaces in the spherical space form of constant curvature c under 
the pinching condition \h\ 2 < -^fj\H\ 2 + 2c. 

For higher codimensional cases, the convergence theorems for the mean curvature 
flow in Euclidean spaces, spheres and hyperbolic spaces were proved by Andrews- 
Baker [2], Baker [3] and Liu-Xu-Ye-Zhao [32], respectively. The unified version of 
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the convergence theorems due to Andrews, Baker, Liu, Xu, Ye and Zhao [211211221 
can be summarized as follows. 

Theorem E. Let Fq : M n —> F n+9 (c) be an n-dimensional (n > 4) closed submani¬ 
fold in the space form with constant curvature c. If Fq satisfies \h\ 2 < | 2 + 2c, 

where \H\ 2 +n 2 c > 0, then the mean curvature flow with initial value Fq converges 
to a round point in finite time, or c > 0 and F t converges to a totally geodesic 
sphere as t —> oo. 

Notice that the pinching condition \h\ 2 < -^—^\H\ 2 + 2c implies that the sectional 
curvature of M is positive. On the other hand, the pinching condition \h\ 2 < 
a(n,\H\,c) for |iL| 2 + n 2 c > 0 and c / 0 implies that the Ricci curvature of 
the initial submanifold is positive, but does not imply positivity of the sectional 
curvature. Hence we need to investigate the convergence problem for the mean 
curvature flow in space forms under the pinching condition \h\ 2 < a(n, \H\,c), for 
\H\ 2 +n 2 c > 0 and c / 0. Recently, the authors m proved an optimal convergence 
theorem for the mean curvature flow of arbitrary codimension in hyperbolic spaces. 

Motivated by the rigidity and sphere theorems for submanifolds in spheres, Liu- 
Xu-Ye-Zhao |3l| proposed the following. 

Conjecture 1. Let Mq be an n-dimensional complete submanifold in the sphere 
gyi+g (1 /y / c). Suppose that sup M (|/i| 2 — a (n, \H\,c)) < 0. Then the mean curvature 
flow with initial value Mq converges to a round point in finite time, or converges to 
a totally geodesic sphere as t —> oo. In particular, Mq is diffeomorphic to 8 n . 

In particular, noting that min|#| afln, |F/j) = 2 y/n — 1, we have the following. 

Conjecture 2. Let Fq : M n —> § n+<? be an n-dimensional closed submanifold satis¬ 
fying \h \ 2 < 2 y/n — 1. Then the mean curvature flow with initial value Fo converges 
to a round point or a totally geodesic sphere. In particular, Mq is diffeomorphic to 

Conjecture 2 in dimension three implies the famous Lawson-Simons conjecture 
[25], which states that if M is a 3-dimensional compact submanifold in § 3+9 , and 
if \h\ 2 < 2\[2, then M is diffeomorphic to § 3 . Up to now, the Lawson-Simons 
conjecture is still open. After the work on the mean curvature flow of hypersurfaces 
in spheres due to Li-Xu-Zhao [30] , the authors [26] obtained a refined version of 
Huisken’s convergence theorem for the mean curvature flow of hypersurfaces [23]. 
For more convergence results on the mean curvature flow with applications in sphere 
theorems, we refer the readers to [HU M M m- 

The purpose of the present paper is to investigate Liu-Xu-Ye-Zhao’s conjectures 
and prove the following sharp convergence theorem for the mean curvature flow of 
arbitrary codimension in spheres. 

Theorem 1.1. Let Fq : M n —> S> n+q (1/^/c) be an n-dimensional (n > 6) closed 
submanifold in a sphere. If Fq satisfies 

\h\ 2 < 7 (n, \H\ ,c), 

then the mean curvature flow with initial value Fo has a unique smooth solution 
F : M x [0, T) —» E> n+q (1 /yfc), and Ft converges to a round point in finite time 
or converges to a totally geodesic sphere as t —> oo. Here 7(71, \H\,c) is an explicit 
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positive scalar defined by 7 (n, \H\,c) := mm{a(\H\ 2 ), /3(\H\ 2 )}, where 

yi yi — 2 _ 

(1.3) a(x) = nc+ — - -71 - — -- x 2 + 4(n - l)cx, 

2(n — lj 2[n — lj 

(1.4) fl(x) = a(x 0 ) + a'(x 0 ){x - x 0 ) + ^a"(x 0 )(x - x 0 ) 2 , 

2n + 2 , - -( - -- n — 4 

Xo =y nC , J/n = -_^l^ v ^l-__ 

Remark 2. Since 7 ( 74 , \H\,c) = a(n,\H\,c), for \H\ 2 > X q, Theorem 11.11 is 
sharp. A computation shows that (i) 7 (n, \H\,c) > ^-j-|R | 2 + 2c, for n > 6 ; (ii) 

7 (n, \H\,c) > |\/n — 1 c, for n > 6 ; (Hi) \\/n — 1 > 2\[2, for n > 7. Therefore, 
Theorem 11.11 substantially improves Theorems C, D and E. The pinching condi¬ 
tion in Theorem 11.11 implies that the Ricci curvature of the initial submanifold is 
positive, but does not imply positivity of the sectional curvature. 

As a consequence of Theorem ll.il we obtain the following convergence result. 

Theorem 1.2. Let Fq : M n —»• S n+< ? (1 /y/c) be an n-dimensional (n > 6) closed 
submanifold. If Fq satisfies 

\h\ 2 < k n c, 

then the mean curvature flow with initial value Fq has a unique smooth solution 
F : M x [0, T) — > S n+q (1 / y/c), and F t converges to a round point in finite time 
or converges to a totally geodesic sphere as t —> 00 . Here k n is an explicit positive 
constant defined by k n = a.\{y n ) — a[(y n )y n + \oi'l(y n )yn> where a\(x) = n + 

- 2^Et)V / ^ 2 +4(»-1)*- 

Noting that k n > ~ \Jn — 1, we obtain a sharp differentiable sphere theorem. 

Theorem 1.3. Let Fq : M n —> S n+<1 (1 /y/c) be an n-dimensional (n > 6 ) closed 
submanifold in a sphere. If Fq satisfies \h\ 2 < 7 (n, \H\,c), then Mq is diffeomorphic 
to the standard n-sphere S n . In particular, if Fq satisfies \h\ 2 < \\/n — lc, then 
Mq is diffeomorphic to § n . 

Under the weakly pinching condition, we get the following convergence theorem. 

Theorem 1.4. Let Fq : M n —> §" +9 (l/-y/c) be an n-dimensional (n > 6) closed 
submanifold in a sphere. If Fq satisfies \h\ 2 < 7 ( 71 , |R|,c), then the mean curva¬ 
ture flow with initial value Fq has a unique smooth solution F : M X [0, T) —> 
S n+q (1/y/c), and either 

(i) T is finite, and F t converges to a round point as t T, 

(ii) T = 00 , and F t converges to a totally geodesic sphere as t —► 00 , or 

(Hi) T is finite, M t is congruent to §" _ 1 (ri(l)) x S 1 (r 2 (i)) ; where ri(t) 2 + r 2 (t ) 2 = 

1 /c, r 1 (t) 2 = 7 ^ 7(1 — e 2nc ^ _T ^), and F t converges to a great circle as t —> T. 

As a consequence of Theorem 11.41 we have the following classification theorem. 

Corollary 1.5. Let M 0 be an n-dimensional (n > 6) closed submanifold inS n+q (1 /y/c) 
which satisfies \h\ 2 < 7 ( 77 ., \H\,c). Then Mq is either diffeomorphic to the standard 
n-sphere , or congruent to 8 n- 1 (ri) x S 2 (r 2 ), where r 2 + r 2 = 1/c and r\ < 7 ) 7 -- 
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2. Notations and formulas 

Let ( M n ,g ) be a Riemannian manifold isometrically immersed in § n+q (1 /y/c). 
Let TM and NM be the tangent bundle and normal bundle of M, respectively. 
For sections of the bundle TM ® NM, we denote by (-) T and (•) J - the projections 
onto TM and NM, respectively. 

Denote by V the Levi-Civita connection of the ambient space. We use the same 
symbol V to represent the connections of TM and NM. Let T(TM) and T(NM) 
be the spaces of smooth sections of the bundles. The connections of TM and NM 
are given by N u v = (V u u) T and V u £ = for u,v G T(TM), £ G T(NM). 

The second fundamental form of M is defined as h(u,v) = (V u w) _L . 

We shall make use of the following convention on the range of indices: 

1 <n, 1 < < q. 

Let {e^} be a local orthonormal frame for the tangent bundle, and {u a } a local 
orthonormal frame for the normal bundle. Then the mean curvature vector is 
defined as H = ]Tb h(e,i,ei). With the local frame, the components of h and H are 
given by h °“• = (h(ei,ej),v a ), H a = JA h £•. Let h = h — <g> H be the traceless 

second fundamental form. Its norm satisfies \h \ 2 = \h\ 2 — ^\H\ 2 . 

Denote by V 2 -T = V ei (V ej T) — \/\ 7 e . ej T the second order covariant derivative 
of tensor T. Then the Laplacian of T is defined by AT = JA V^T. 

We have the following estimates for |V/i| and |VHj. 

Lemma 2.1. For any subm.anifold in a sphere, we have 

(0 IV^I 2 > ^|V1L| 2 , 

(«) MH\ 2 \<2\H\\X7H\. 

The proof of (i) is the same as in laiaa, and (ii) follows from the Cauchy-Schwarz 
inequality. 

As in mm, we define the following scalars on M. 

^ = E(E^4) 2 + E (E(^-te)) 2 . 

cx,/3 i,j i,j,ot,(3 k 

^ = E(E 7? “ /l b) 2 ’ r 3= n ah ik h io h %- 

i,j ex i,j,k,ot,/3 

We have the following identity for the Laplacian of \h\ 2 . 

(2.1) -A\h\ 2 = (h.V 2 H) + \X7h\ 2 - —|V-ffj 2 + nc\h\ 2 -R 1 + R 3 . 

2 \ / n 

At a fixed point in M, we choose an orthonormal frame {u Q } for the normal space 
and an orthonormal frame {e*} for the tangent space, such that H = \H\v\ and (h] :j ) 
is diagonal. Let \ be the diagonal elements of Thus we have A* = hh — \\H\ 

and hfj = /i“ for a > 1. We split \h\ 2 into three parts \h\ 2 = Pi + P 2 , P 2 = Q 1 + Q 2 , 
where 

Pi =E A ?> Ql = E (^) 2 ’ «»= E (/q“) 2 . 

i a > 1 a > 1 

i i # j 
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With the special frame, we have 


Ri = Pl + -Pi\H\ 2 + \\H\ a 


( 2 . 2 ) 


+2 


£(£ 

ql> 1 i 


AAS + 


E (E‘5<) ! 


ct,/3> 1 i,j 

, 2 


(2.3) 

and 

(2.4) 

i? 3 = X\H\ A + 


+2 £ ((^ - Aj) /i“) + E (E( 

1 a,/3 > 1 k 

3 i,j 

r 2 = y,(\ h K) 2 = i^i 2 ( p i + l \ H \ 2 ). 


K k h p jk ~h^ k) , , 


a > 1 
* 7^ j 




3 Pi + P 2 


itfp + iPiEA^/EjE^l X! (Ai + A,)^.) 2 . 


Q: > 1 

* # j 


Using the Cauchy-Schwarz inequality we get X) a >i (Xa Ajft^ < P\Qi. We also 


have 


E ((Ai-A,)^) 2 ^ £ 2 (a^ + A|) (h^j) 2 < 2 PiQ 2 . 


(X > 1 O' > 1 

* # J » ^ i 

It follows from Theorem 1 of [25] that 

E (E'-s0 2 + E (E( 


a,/3> 1 i,j 

Thus we obtain 


i, /3 > 1 k 


h a hP — h a \ \ 2 < — P 2 
n ik n jk n jk n ik) J A 2^2- 


(2.5) 


Pi < P 1 2 + -Pi|P| 2 + 4|P| 4 + 2PiQi+4PiQ 2 + E 2 2 
n n A Z 

< \h\ A + -Pi|ff| 2 + 4|ff| 4 + 2P 2 |h| 2 - |p 2 2 . 
n n z 2 


< 


By an algebraic inequality (see (421 05]), we have 
V^N 2 - Q 2 )• From v^lAl < A(Pi + |/i| 2 ), we get 

E W?,) 2 > -^^(n 3 -\\m - v'Hft)- 

O',2 

We also have 

E (Ai + A,-)^) 2 > E -^/^M+W)K) 2 >-V2PiQ 2 - 


\J n(n— 1) 


O' > 1 

i ± 3 


a > 1 
i ^ 3 


Note that /’ = > ^ if n > 6. We get 

y/n{n-l) 2 

(2.6) r 3 > T| H | 4 + Ei±E 


i H i ! - 7 ^ |i, '(A' 3 -5 |i ‘lA). 
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Combing m, nisi) and m, we obtain 
Lemma 2.2. If n > 6, we have the following. 

(0 Ri - ^2 < |h | 4 + i|A| 2 |i ?| 2 + 2 P 2 h 2 - |p 2 - ip 2 |ff| 2 , 

(«) P 2 = |A| 2 | J ff| 2 + i|ff| 4 -P 2 |i?| 2 , 

(m) P 3 - > ^f=2= Wl (f - \h\ 2 ) - |/i | 4 + ±\h\ 2 \H\ 2 - 2|/i| 2 P 2 + §P 2 . 

3. Preservation of curvature pinching 


Let F : M x [0, T) —»• §" +<? (l/y^c) be a mean curvature flow in a sphere. Let 
F t = F(-,f). We denote by M t the Riemannian submanifold F t : M § n+9 (1 /y/c) 
at time t. Let H and A f be two vector bundles over M x [0, T), whose fibers are 
given by = T x M t and A f^ x ,t) = N x M t . For smooth vector fields u £ F(P) 

and £ £ r(AA), we define the covariant time derivatives by V&u = (V F,d t u ) T and 

v 9t £ = (v^) x . 

Without loss of generality, we assume that c = 1. The following evolution 
equations for the mean curvature flow can be found in 130- 


Lemma 3.1. For the mean curvature flow F : M x [0,T) — > S n+q , we have 
( i ) V dt H = AH + nH + H a h? j h ij , 

(it) §- t \h\ 2 = A\h\ 2 - 2|V/;.| 2 + 2R ± + A\H\ 2 - 2n\h\ 2 , 

(in) §- t \H\ 2 = A| H\ 2 - 2\S7H\ 2 + 2P 2 + 2n|F| 2 , 

(*«) &\h\ 2 = A|h| 2 - 21V| 2 + l\S7H\ 2 + 2 R 1 - \R 2 - 2n\h\ 2 . 


Let a and fl be two functions given by 

n n — 2 


a(x) = n + 


-x — 


2(n — 1 ) 2(n — 1 ) 


i/x 2 + 4(n — l)x, 


and 


(d(x) = a(x 0 ) + a'(x 0 )(x - x 0 ) + -a"(x 0 )(x - x 0 ) 2 , 


T — 4 


where Xo = K^y/n—l (\/n— 1 - re n ) , = 2n+2 - 

We then define a function 7 : [0, + 00 ) —> R by 

It’s obvious that 7 is a C 2 -function. Moreover, we have the following 


Lemma 3.2. For n > 6 and x > 0, y(x) satisfies 

(i) j(x) = min {a(x) fl(x)} , 

(ii) j(x) > 7 ( 0 ) > IVn - 1 , 

(“0 ^T+2<7(^)<^T+7(0)<i + f. 

Proof. By direct computations, for x > 0, we get 

.. n n — 2 x + 2 (n — 1 ) 

O' (j;) z=z - —- - 

2(n — 1) 2(n — 1) ^Jx 2 + 4(n — l)x ’ 

v(x) = , f‘~ 2K ’‘ 1 ;lL > 0 . 

(x 2 + 4 (n — l)x ) 3 / 2 

6 (n — 2 )(n — l)(x + 2 (n — 1 )) 

a ( x ) =-ruj-77-- < 0 . 

(x 2 + 4 (n — l)x ) 5 / 2 
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Then we get a(x 0 ) = 1 )>/n - 1, a'(x 0 ) = and a"(x 0 ) = ( „ ■ 

(i) We have a(xo) = /3(x o), a'(xo) = (3'(x o) and a"(xo) = /3"(xq). Then from 
a!"(x) < 0 = P"'(x), we get a(x) > f3(x) if 0 < x < xq, a(x) < (3(x) if x > xq. 


( y/n— 1 — K n ) 

(ii) Let i n = K _ i_S ■ We have K n < ^ and i n < 1. Then we obtain 


xqq // (xq) 


'(®o) 


1 — 1 — 
2(ra-2)t n 


(k„ —l)(n—1 —k“) 


< 1. This implies 


(3.2) 


7 '( 0 ) = a'(x 0 ) - Xoa"(xo) > 0 . 


Since j"(x) > 0, we get j'(x) > 0. Then we have j(x) > 7 ( 0 ) = a(xg) — xoa'(xo) + 
±x$a"(x 0 ). 

Let 0 n = 7(0 )/y/n — 1. By some computations, we get 0 n > | for 6 < n < 24. 
Forn > 25, we have x^a'{ xq) = ^(k" 1 — K n )y/n — 1 and x^a'^xg) = 2(n 
> T^tn K n'Sn — 1. So, we obtain 0 n > K n + k" 1 — i n (^n l ~ K n) + §§4 K n- It’s de¬ 
creasing with respect to i n . Thus we have 0 n > | \n n > |. 

(iii) Let <f(x) = 7 ( 2 ;) — - 77 . Since <p"(x ) > 0 and lim^-nx, ip’(x) = 0, we have 
(p'(x) < 0. Hence we get 2 = < 4 + 00 ) < <p(x) < <p(0) = 7 ( 0 ). 

If n = 6 , 7, we figure out that 7 ( 0 ) <=§■• If n > 8 , we have 7 ( 0 ) = min x 7(2:) < 
min x a(x) = 2\Jn — 1 < So, we get + 7 ( 0 ) < + 77 - □ 

Denote by (•)+ the positive part of a real-valued function. Letting 7 ( 2 :) = j(x) — 
—, we have the following lemma. 

Lemma 3.3. For n > 6 and x > 0, j(x) satisfies 
(*) 2xY(x) +^{x) < - S n , where 0 < 5 n < f^y. 

(ii) x A j'(x)(^(x) + n) — ■y(x)(j(x) - n) = (2 A f(x) - f -\-x^'(x)) + = 0 if x > x 0 , 

1 r +1 2 

x^(x)('y(x)+n)— s /(x)('y(x)-n) > ± ( 27 ( 2 ;) - f + xj'(x)) if0<x < x 0 , 

(iii) 7 ( 2 ;) — X’Y(x) > 2, 

(iv) + l(x) < lx + n, 

(v) 2^/-y(x) — 2 ^ n ^ 2 bounded from above. 

Proof, (i) Let ip(x) = 2x^"(x) + 7 '(a;). We have ip(xo) = 22 ; 0 a ,, ( 2 ;o) -\-a'(xo) — 7 = 
n 2 n(l-t) + 4 (n-i) (4 ~ 3 0- We figure out that 4 ~ 3i„ < £ - 2. Thus we obtain 
¥>(*0) < 

If a; > 2 T 0 , then <4(4) = - If 0 < x < x o, then <p'(x) = 

3a"(xo) > 0. Hence we have ip(x) < <p(xo) < . 

(ii) We see that a and a' satisfies 

(3.3) (a(x) + n)xa'(x) = 2x + a( 2;) 2 — na(x). 

Let ifi(x) = xY(x)(j(x) + n) — ^(x)(j(x) — n), ip 2 (x) = 27 ( 2 ;) — f + xj'(x). From 
(ED , we get ipi(x) = 0 if x > xq. 

We have if' 2 (x) = 3a r (x) + xa"(x)— ^ if x > Xq. Then lim^^oo if' 2 (x) = — • 

Noting that 


i>2 ( X ) = 


2 (n — 2 )(n — l)(x 2 + 10 (n — l)x) 
(x 2 + 4 (n — l)a ;) 5 / 2 


> 0 for x > xo, 
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we have ip'^x) < 0 if x > Xo- Hence we have ip 2 {x) < ipzixo) = 2a(xo) + xoa'(xo) — 
jjXq < 0 for x > xq. 

From the C 2 -continuity of 7 and (13731) . we get ^ 1 (^ 0 ) = i>i{x 0 ) = 0. Making 
calculation, we get 


ipi{x) = ?>a"(xo)[a"(xo)x 2 + (c/(xo) — Xqo"{xq))x + n], for 0 < x < xq. 


If 0 < x < xo, noting that V’ ±(x) > 3na"(xo), we have i(x) > 3na J- x °l — x 0 ) 2 . 

Let 4>3{x) = \J 3na "^ Xo) {xq - x) - We have -03 ( x ) = - 75^2 (^ 0 ) < 0 if 

0 < x < Xo■ Therefore, we get mino< x < Xo ip 3 (x) = min{'i/>3(0),^(xo)}. We have 
i/j 3 {x 0 ) = —^4>2(x 0 ) >0. By a computation, we get ^ 3 ( 0 ) = \J\na" (x 0 )x 0 — 
^ 7 ( 0 ) > 0 if n > 8. Therefore, we obtain yjijj 1 ( 2 :) > - 7 ^ for n > 8, 0 < x < Xq- 
If n = 6 , 7, by numerical computation, we get mino< x -*$?■)> 0 . 

(iii) Noting that (a(x) — xa'(x))' = —a"(x)x < 0 and (/3(x) — x/3 7 (x )) 7 = 
—a"{xo)x < 0, we have (7(7) — x A f{x)) < 0. This together with lim x _ ) . 00 (a(a;) — 
xa 7 (x)) = 2 implies 7 (x) — x'j'(x) > 2. 


2 _ 

n 


(iv) Note that a satisfies the following identity 2 Jx(a(x) — ^-x)+a(x) = 

yn(n-l) V n 

x + n. Combing the identity above and the inequality 7 ( 2 ;) < a(x), we prove (iv). 


(v) If n = 6 , we get lim^oo ( 2^j(x) - n = Jx ) = 0 . 

\ 2y/n(n-l) J 

If n > 7, we have lim x _>oo y/^{x)/x = , 1 < f= . Thus 2- s /^(x) - 

yj n{n— 1) 4yn(n-1) 

— ,"~ J y/x is negative when x is large enough. □ 

2a/ n(n— 1) 


Let uj : [0, +oo) —> R be a positive C 2 -function which takes the following form 


>(x) = 


( 1 + ! ?) 


^-( l + 4 ( n - 1)/ X )- 1/2 

^ + (l+4(n-l)/a:)- 1 /2 


-i 2 


for x> xo- 


\Jx 2 + 4 (n — l)x 

For a small positive number e, we set 7 e (x) = 7 ( 2 ;) — su(x). 

Lemma 3.4. For n > 6, x > 0, and small positive number e, we have 
W 2 x%'{x)+%{x) < 

{ii) x%(x)(%{x) + ^+n)-%(x)(%(x) + ^-n)>l (2%(x) - % + x%(x))~ 

Proof. (i) We have 2x A f”(x) + %{x) = 2 x 7 " (x) + 7 ' (x) — e(2xu/ 7 (x) + o/(x)). We 
figure out that linL^oo u/( x) = ( n— 1 )~ 2 and lima,-**, xui"(x) = 0. Thus 2xu/ 7 (x) + 
u>'(x) is bounded. From Lemma 13.31 (ib we obtain the conclusion. 

(ii) When x > xq, we see that w satisfies the following identity 


(3.4) 

We have 


xu/(x) 2a(x) — xa' (x) — 3n 


u>(x) a(x) + n 

^ 27 E (x) — — + x%(x)^j < ^ 2 y(x) — — + xy 7 (x)j + e(-xu/(x)) + . 
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and 


(3.5) 


X%{x) (%(£) + ~ + n ) - 'ye(x) (le{x) + ~~ n ) 
x^\x) ^7 (x) + — + Tlj — 7(x) ^7(x) + ~ — n ) 

+£uj(x) 2 A /(x) — xj'tx) 4- n — (7(x) + -—hn) 

n V n J 


+£ 2 oj{x)(xu)'{ x) — u>(x )), 


xoj'ix) 

ui(x) 


By (13.41) . the expression in the square bracket of (13.51) satisfies 

. x . x \ xco'(x) 

2'ylx) — xj (X) 4- n — I 7 m 4-h n —= An for x > x 0 . 

n V n / to(x) 

On the other hand, we see that xia'(x) — u>(x) and are bounded. Thus 

the assertion follows from Lemma 13.31 (ii). □ 


For convenience, we denote 'y(\H\ 2 ), 7 (|P| 2 ), 7 E (|iL| 2 ) and u;(|P| 2 ) by 7 , 7 , 7 E 
and ui, respectively. We use (•)' to denote the derivative with respect to |P| 2 . 

Consider the mean curvature flow F : M x [0, T) —► S n+q . Suppose Mq is an 
n-dimensional (n > 6 ) closed submanifold satisfying \h\ 2 < 7 . Since M 0 is compact, 
there exists a small positive number e, such that Mq satisfies \h\ 2 < %. 

Now we show that the pinching condition is preserved. 

Theorem 3.5. If M 0 satisfies \h\ 2 < 7 E; then this condition holds for all time 
t€[0,T). 


Proof. Let U = \h\ 2 



< 


%. By Lemmas 12.1112.21 and 13.11 we have 


—2| V/i | 2 + ^|VP | 2 + 27 '|ViL | 2 + 7 "|V|iL | 2 | 2 
+2Ri. - ^R 2 - 2n\h\ 2 - 2% ■ {R 2 + n\H\ 2 ) 


2(n — 1) 
n(n + 2) 

+2\h\ 2 (\h\ 2 4 


+ 7'+2|iL| 2 7" |VP| 


-2%-\H\ 2 (\h\ 


\H\ 2 -n 
+ -\H\ 


.) + 2P 2 (2\h\ 

') + K ■ 


2 -V| 2 -|p 2 

n 2 

ipi 2 p>. 


From Lemma lT4l (i). the coefficient of |VP | 2 is negative. Replacing \h\ 2 by U 4-%, 
the above formula becomes 


< 2U^2% + ^-\H\ 2 -n-\H\ 2 % + 2P 2 ^ +2U 2 

+ 27e • + “l^l 2 - nj - 2 \ h \ 2 % • + “l^l 2 + n ^j 

+2P 2 (2%-±-\H\ 2 + \H\ 2 %-^P 2 y 

By Lemma l3.4l (4i). the sum of the last two lines of the above formula is non-positive. 
Therefore, we obtain — A) E/ < v ■ U + 2U 2 . Then the assertion follows from 
the maximum principle. □ 
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4. An ESTIMATE FOR TRACELESS SECOND FUNDAMENTAL FORM 

In this section, we derive the following estimate for the traceless second funda¬ 
mental form. 

Theorem 4.1. If Mq satisfies \h\ 2 < %, then there exist constants 0 < a < e 5 / 2 , 
and Cq > 0 depending only on Mq, such that for all t £ [O,! 1 ) we have 

\h\ 2 < C 0 (\H\ 2 + l) 1 - a e- 2at . 


To prove this theorem, we will show that the following function decays exponen¬ 
tially. 


u 


\h\ 2 


0 < a < e 5/2 . 


Making the time derivative of f„ , we obtain 


Lemma 4.2. There exists a positive constants C\ depending only on n, such that 

< A A + - ^| Vff | W 2 /„ ( 3 „|/.| 2 - < m - £) . 

Proof. By a straightforward computation, we get 


If =f 
dt Ja Ja 




\h? 


7 


and 


(4.1) A f a = f 0 


A\h\ 2 


A 7 


1 CTCT ~ ^ ~ ' 2 (! - a ) 

\ \h \ 2 7 J 


<V/ ff ,V 7 ) 


IV7I 5 


v- + ct(1 - o)f a -—^-. 

7 hr 


From the evolution equations, we have 


d_ 

dt. 

(4.2) 


-A )U = 2(1 — a) 


<V/„,V 7 ) 


- 1 - &)f< 


IV7I 2 

a I " |2 


+ /cr 

+2/ c 


2 _ lWh A + (2f|V17| 2 + 7 "|V|ff| 2 | 2 ) 

h 2 \ n / 7 


W 

1 

w 


1 


i?i - -R 2 ) - n - (1 - ct)-(I? 2 + n|H| 2 ) 


By the definitions of 7 , oj, there exists a positive constant C\ depending only on 
n, such that \H\ | 7 '| /V 7 < C\ and 7 /w < C\. This together with Lemma [2~T1 (ii) 
implies 


(4.3) 


7 7 \h\ 


Then we have <V/ 7 V ^ } < ^i|V/ a ||VF|. 
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By Lemma [2.11 and Lemma [8.31 (i), we have the following estimate for the ex¬ 
pression in the first square bracket of the right hand side of (14.211 . 

TP (^T“ - > V/l l 2 ) + ^ (2f|Vif | 2 + 7 "|V|iL| 2 | 2 ) 


< 


\h \ 2 V a ) 7 

— ■ 2(1 ~ ?i) |Vff | 2 + • 2 ( 2( f ~ l \ - <0 |Vi?| 

\h \ 2 n(n + 2 ) |ft |2 + 2 ) / 


N 2 

We then estimate the expression in the second square bracket of the right hand 
side of (14.21) . By Lemma 1^1 we have 

±-( Ri -Ir 2 ) -n-(l-a)i(R 2 +n\H\ 2 ) 
h \ 2 \ n J 7 


< 


\h\ 

\h \ 2 - n - (1 - <j)^-\H\ 2 (\h \ 2 + n) 
7 


(4.4) 


+P 2 2 - 


\H[ 


^-+ {1 - a)^\H ' 2 
n\h \ 2 2 \h \ 2 7 


< a(\h\ 2 + n) + (1 - cr)(\h\ 2 + n) Tl - - 2 n 

+2 aP 2 + (1 - (27 - ^ ® + fl^l 2 ) • 

7 V 2 n ) 


By Lemma [3731 (ii), (iii) and Theorem 13.51 we get 


(H 2 + n)(l-^|H | 2 )+^27 


< (7 + n) 


„ 2 e 

< 2n ~ cv 


7-7 ' 


21 

7 

Iffl 2 


3P 2 |ff| : 




7 


^ UJ 1 
— 2 ^— + — 
7 07 


27 — —\H \ 2 + "i'\H\ 
n 


1 2 


Hence, the right hand side of (14.41) is less than 

er(|/i| 2 + n) + (1 — a) (2n — ) — 2n + 2 aP 2 < a(3\h\ 2 — n) — —. 

\ Li/ Oi 


This proves Lemma [ 

We need the following estimate for the the Laplacian of \h\ 2 . 


□ 


Lemma 4.3. Suppose that M is an n-dimensional (n > 6 ) submanifold in S n+9 
satisfying \h \ 2 < %. Let £ be small enough and a < e 5 / 2 . Then there exists a 
positive constant C 2 depending only on n, such that 

AH 2 > 2 (h, V 2 h) + 2eC 2 \h \ 2 (\h \ 2 - . 

Proof. By (12.11) and Lemma 12.11 (i), it’s sufficient to prove n\h \ 2 — R\ + R 3 > 
eC 2 \h \ 2 (N 2 - 3 ^ 7 ). 
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It follows from Lemma E21 (iii) and Lemma f3.81 (iv) that 


l \h\ — Ri + R 3 > \h\ 2 [n-^=*\H\\h\-\h\ 2 + -\H\ 

\ yn(ra-l) n 

+p > (vghri H H i *i -# + l p >) 


> \h\ 2 ( n - 




> \h\ 2 SCO--\h\ 2 


( 2 ^- 


2y/ n(n— 1) 


I H 


Letting C 2 = inf —, we have ew > eC 2 \h\ 2 . Applying Lemma 13.31 (v), letting 


e2 ! a > 


2 c 2 


sup ( 2 V 7 - 


n —2 


2y/n(n-l] 


\H\ 


, we get the conclusion. 


□ 


From (14.11) . (14.31) and Lemma 11.31 we have 


A/. > ^ji!!- ( l-.)4A7-2(l-.)<^A2> 

ry± O ry ry 


> 


+ 2 ' a (l' 1 ' 2 - afc) ^ - P - -)4 ai- ^|v/„||vh|. 

This is equivalent to 
(4.5) 2eC 2 f|/i| 2 - 


12 £ ^ fa < A/ J+ (l-a)4A7- 2(/t ’ V ' g) +^|VM|Vg|. 


3Cicr 


'y '■yl ^ 


N 


We multiply both sides of the above inequality by 1 , then integrate them over 
M t . Using the divergence theorem, we have 

(4.6) / /r i A/ <7 d Mt = -( P -i) / /r 2 iv/ CT | 2 d Mt . 

JMi JM t 

From (14.31) . we have 


/ = 

Jm, 7 


(4.7) 


< 


V ,V7)d Mt 
/M t \ V 7 / / 

-;—(V/cr, V7) + — | V7I d/i t 

'M t V 7 7 / 
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The Codazzi equation implies = IL ^-V 1 H a . From this formula and (14.31) . we 

get 






' M t 


fS 


7 

-l 


d 


(4.8) = / Vi —h% V,//“d/i t 


7 

(1 _ fP-1 . fP~ 1 

vr' LQT7 £ V " L ) J (j V7 i ^ Y7 

, A/i-o- hijVifa o 2 _ ( j ftyVi7+ Vih i<7 - 

' Mt L / / / 


V ; fl Q d/i t 


< 




, IV 7 rr| , (2Ci + l)/£ 2 


N 


■|VM|VJT| 


l^l 2 


-ivi?r 


d/x t . 


^^|V/ CT ||Vtf| + JW | 2 cl Mt , 

fol for 


Putting (14.5I) - (14.8D together, we get 

/ (W| 2 - /^d/it <^f f 

JM t \ / e JA 

where er < e 5//2 and C 3 is a positive constant depending on n. 
Combining (14.611 . (14.91) and Lemma T4.21 we obtain 

-77/ = p [ - / /P|H| 2 d/i t 

di J Mt J M t ot J Mt 


(4.10) 


p—2 


<P /; 

J Mi 


~ 2S n ~ 


-(p-l)|VM 2 + (4Cr + ^) 4lV/*||Vff| 


C 3 a\ /, 


4^-lvjrr 

N 2 


W 


d/i t - 2pcrn / fa^Pt- 

JM. 


Now we show that the L p -norm of / CT decays exponentially. 


Lemma 4.4. There exists a constant C 4 depending only on Mq such that for all 
p > 1 /e and a < e 2 /\fp, we have 

(J m ' < C 4 e~ 2nat . 

Proof. The expression in the square bracket of the right hand side of (14.101) is a qua¬ 
dratic polynomial. With p > 1/e, a < e 2 /y/p and e small enough, its discriminant 

satisfies ^4Ci + — 4 fp — 1 ) ( 2 5 n — < 0. So, we obtain 

T 7 / fa d ht < -2pan [ f%dp t . 
ai JM t JM t 

This implies J M( f%d/i t < e~ 2vant J Mq fg d/x 0 . □ 


Let g a = f a e 2at - By the Sobolev inequality on submanifolds [T9] and a Stam- 
pacchia iteration procedure, we obtain that g„ is uniformly bounded for all t (see 
POI j2E for details). We then complete the proof of Theorem 14.11 
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5. A GRADIENT ESTIMATE 

In the following, we derive an estimate for |VH | 2 along the mean curvature flow. 

Theorem 5.1. For all 7 ? £ (0,e), there exists a number 4>(r]) depending on ry and 
Mo, such that 

|VF | 2 < MH\f + vH(ry) 2 ]e- CTt - 
First, we derive an estimate for the time derivative of |Vlf | 2 . 

Lemma 5.2. There exists a constant B\(> 1) depending only on n, such that 

!-|Vff | 2 < A|VIJ | 2 + B^H] 2 + l)|V/i| 2 . 
at 

Proof. From (5.14) of 0] or (5.3) of [27], we have the following evolution equation 
for \VH\ 2 . 

d 

— \VH\ 2 = A\VH\ 2 - 2\V 2 H\ 2 + 2\VH\ 2 + h*h*Vh* V/i. 
at 

Here we use Hamilton’s * notation. For tensors T and S, T * S means any linear 
combination of contractions of T and S with the metric. 

From the Cauchy-Schwarz inequality, we have \h * h * Wh * Wh\ <£?o|/i| 2 |V/i| 2 , 
where Bq is a constant depending on n. From the pinching condition |ft .| 2 < 7 , we 
obtain 2|Vff | 2 + B 0 \h\ 2 \Vh] 2 < Hi(|Hf + l)|Vh| 2 . □ 

Next we present the following estimates. 

Lemma 5.3. Along the mean curvature flow, we have 

(0 Wt\H\ 4 > m\ 4 - 8n\H\ 2 \\/h.\ 2 + ±\H | 6 ; 

(») i t \h? < A|h | 2 - |V/i | 2 + 6n(\H\ 2 + l)\h\ 2 , 

(Hi) § (\H\ 2 \h\ 2 ) < A (|ff| 2 |/i| 2 ) - \\H\ 2 \S7h\ 2 + U 2 |V/i | 2 + 4n(|iJ | 2 + l) 2 \h\ 2 , 
where B 2 > n is a positive constant. 

Proof, (i) By Lemma |3.II (iii), we derive that 

^|H | 4 = A|U | 4 - 4|ff | 2 |V #| 2 - 2|V|H | 2 | 2 + 4|tf | 2 i ? 2 + 4n\H\ 4 . 

From Lemmas 12.11 and 12.21 we have R 2 > d;|.ff | 4 and 4|1J| 2 |VH | 2 + 2|V|7J | 2 | 2 < 
8 n|.ff | 2 |V/i| 2 . 

(ii) Using Lemma 13.11 (iv), noting that ^|Vff | 2 < |V/i | 2 and R\ — ^R 2 < 

\h\ 2 ^3|ft.] 2 + < 3n(\H\ 2 + 1)|A| 2 , we get the conclusion. 

(iii) It follows from the evolution equations that 

^(\H\ 2 \h\ 2 ) = A( K \H\ 2 \h\ 2 )+2\H\ 2 {R l - z R^j+2\h\ 2 R 2 

-2\H\ 2 (jV/i | 2 - ^|VH| 2 ^ - 2|A| 2 |VFT | 2 - 2 (v\H\ 2 .y\h\ 2 ^ . 

Notice that ^\S7H\ 2 < |V/i| 2 . Using Lemma 12.21 and the pinching condition 
\h\ 2 < 7, we have 2|Ff | 2 (i?i — d-I? 2 ) + 2|A| 2 1 ? 2 < 4n(|IL | 2 + 1) 2 |A| 2 . From the 
Cauchy-Schwarz inequality, we have |2(V|H| 2 , V|fa| 2 ) | < 8|7J||Vi7||/i||V/i|. By 
Theorem 14.11 and Young’s inequality, there exists a positive constant B 2 such that 
-2 (V|ff| 2 , V|/r| 2 ) < (B 2 + \\H\ 2 ) \S7h\ 2 . 
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This proves Lemma 15.31 


□ 


Proof of Theorem 15.11 Define a function 


f=(\\7H \ 2 + bB 1 B 2 \h \ 2 + AB 1 \H\ 2 \h\ 2 y- t ^(r 1 \H\)\ r, £ (0,e). 


From Lemmas 15.21 and 15.31 we obtain 


< (- J B 1 e CTt + 8 nr ? 4 )|lL| 2 |V/i | 2 + [(13 1 -l? lJ B 2 )|Vh| 2 + i 7 |VlL| 2 ]e CTt 

+B 3 (\H \ 2 + l) 2 |h| 2 e CTt - — \H\ 6 , 

n 

where B 3 is a positive constant depending on Bi and U 2 . 

By Theorem 14.11 we get 


(5.1) 



/< 


C 0 B 3 (\H \ 2 + l) 3 - a 


4ry 4 


\H\' 


By Young’s inequality, the expression in the bracket of (ED is bounded from 
above. Let \F 2 (^ 7 ) be its upper bound. Then we have — A) / < ’F 2 (? 7 )e _<Tt . It 
follows from the maximum principle that / is bounded. This completes the proof 
of Theorem 15.11 □ 


6. Convergence Under Sharp Pinching Condition 
To estimate the diameter of M t , we will use the well-known Myers theorem. 

Theorem 6.1 (Myers). LetT be a geodesic of length l on M. If the Ricci curvature 
satisfies Ric(X) > (n — 1 ) 72 -. for each unit vector X £ T X M , at any point x £ F, 
then r has conjugate points. 

We get the following lemma. 

Lemma 6 .2. Suppose that M is an n-dimensional (n > 6 ) submanifold in S n+q 
satisfying \h\ 2 < 7 e and |V1L| < 2rf maxjvf \H\ 2 , where 0 < rj < e and e is small 
enough. Then we have ^j 2 > 1 — ?? and diamAf < ( 2 ? 7 maxM |1/|) _1 . 

Proof. By Proposition 2 of [33], the Ricci curvature of M satisfies 

Ric M > -—- (n+ -\H \ 2 - \h \ 2 - 7 ====|tfiw) ■ 

n \ n sjn{n - 1 ) ) 

From \h \ 2 <7 — suj and Lemma [3731 (iv), we obtain RicM > > B±e\H\ 2 , 

where B 4 is a positive constant. 

Assume that \H\ attains its maximum at point x £ M. We consider all the 
geodesics of length l = ( 4 ? 7 maxM |Ff |) _1 starting from x. Since |V|1L| 2 | < 4 rj 2 • 
ma xm \H\ 3 , we have |1L | 2 > (1 — g) maxM \H \ 2 along such a geodesic. Thus we 
have RicM > B^e^l — 77 ) ma xjk \H \ 2 > (n — l) 7 r 2 // 2 on each of these geodesics. By 
Myers’ theorem, these geodesics can reach any point of M. 

Therefore, we obtain miiiM \H \ 2 > (1 — rf) maxM \H \ 2 and diamM < 21. □ 

In the following we show that the mean curvature flow converges to a point or a 
totally geodesic sphere under the assumption of Theorem 11.11 
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Theorem 6.3. If Mq satisfies \h \ 2 < 7 and T is finite, then Ft converges to a 
round point as t —► T. 

Proof. If T is finite, we have maxM, \h\ 2 —> 00 as t —> T. This can be shown by using 
an analogous argument as in the proof of the corresponding result in [3133]. Let 
|if|min = min M t \H\, | H | max = ma xm { \H\. From the preserved pinching condition, 
we get | H | max —> 00 as t —> T. 

By Theorem 15.11 for any 77 £ (0, e), we have |ViL| < (rj\H\) 2 + ^(r]). Since 
I FI | max — > 00 as t — > T, there exists a time r depending on 77, such that for t > r, 

I 77 I max > ^ , ( 7 ?)/ 7 ? 2 - Then we have |Vi7| < 2r) 2 \H |^ ax . Using Lemma lfT2l we obtain 
diam M t —> 0 and \H | m i n /|77|max —> 1 as t —> T. 

To prove the flow converges to a round point, we magnify the metric of the 
ambient space such that the submanifold maintains its volume along the flow. Using 
the same argument as in [331 , we can prove that the rescaled mean curvature flow 
converges to a totally umbilical sphere as the reparameterized time tends to infinity. 

□ 

Theorem 6.4. If Mq satisfies \h\ 2 < 7 and T = 00 , then F t converges to a totally 
geodesic sphere as t —> 00 . 

Proof. With the assumption T = 00, we will show that \H\ decays exponentially. 

Suppose | H |max ' e 17 */ 2 is unbounded. Then for a small positive number 77, 
there exists a time 9 , such that |77|m ax ($) ' e^/ 2 > ^{rD/rj 2 . By Theorem 15.11 
we have |V17| < 2?7 2 |iL|^ lax on Mg. By Lemma 16.21 we have |77|m in (0) > (1 — 
7 ?)l^lmax(^) > ^? v h(77 )e~ a9 / 2 . This together with Theorem 15.11 yields |VfL| 2 < 

(ri\H\) 4 + TjjUp |L/1mi n (fl) ' e' 7 ^ - ^. From the evolution equation of |17| 2 , we have 

(6.1) ^\H\ 2 > A|i7| 2 + V| 4 - -^|ff&in(0) • e^. 

Using the maximum principle, we get \H\ 2 > |Ff|^ lin (0) if t > 9. Then (16.111 yields 
■§l\H\ 2 > A|U| 2 + ^-\H\ 4 for t > 9. Hence, |H| 2 will tend to infinity in finite time. 
This contradicts the infinity of T. Therefore, we obtain \H\ 2 < Ce~ at ^ 2 . 

From Theorem 14.11 we have \h\ 2 = \h\ 2 + i|17| 2 < Ce~ at / 2 . Since \h\ -A 0 as 
t —> 00, M t converges to a totally geodesic submanifold as t —> 00. □ 


7. Convergence Under Weakly Pinching Condition 


Assume that M 0 is a closed submanifold in § n+? whose squared norm of the 
traceless second fundamental form satisfies \h\ 2 < 7. 

Proof of Theorem [13 Recalling the proof of Theorem 13.51 we have 



(7-1) < 


2(n- 1) 
n(n + 2) 


+ 7 , + 2|U| 2 7" 


|VH| 2 


+2 (\h\ 2 — 7) 


27+ -\H\ 2 -n- |H| 2 7 , + 2P 2 
n 



The coefficient of |V17| 2 is negative. Using the strong maximum principle, we have 
either \h\ 2 < 7 at some t 0 £ [0,T), or \h\ 2 = 7 for all t £ [0,T). 

If \h\ 2 < 7 at some to > 0, it reduces to the case of Theorem 1.1. 
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If \h \ 2 = 7 for t € [0, T), we have S7H = 0 for all t. Since 7 > 0 and 7 ( 0 ) < n, M t 
is neither a totally umbilical sphere nor a Clifford minimal hypersurface in §" +1 . 
By Lemma [3.21 (i), (iii) and Theorem 3 of m, we obtain that \H\ ^ 0 and M t is 
an isoparametric hypersurface in an (n + 1 )-dimensional totally geodesic sphere 

S" - 1 (ri) x S\r 2 ) C § n+1 C § n+9 , 


2(n—1) y n— 1 


wh ere n = 7 ^, r 2 = 7 ^ 

Notice that A is the (n— l)-multiple principal curvature and — j is the other one. 
Thus we have \H\ = (n — 1)A — j and \h\ 2 = (n— 1)A 2 + yr- Since M t is a family of 
hypersurfaces in § ra+1 , Lemma l3Tl (i) becomes (-^ — A) \H\ = |7L|(|/i | 2 + n). This 
is equivalent to 4-rf = 2 — 2n + 2 nr 2 . Solving this ODE, we obtain 

n~l„ , 2nt\ 


-(1 -d-e Znt ) 


where d £ ( 0 , 1 ) is a constant of integration. 

From the solution of n, we see that the maximal existence time T = — ^ 7 - 
Hence Mt converges to a great circle as t —> T. This completes the proof of Theo¬ 
rem 11.41 □ 
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